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Abstract
Let R be a semiprime ring. It is shown that MinSpec(R), the space of minimal primal ideals
of R, is compact if and only if for each principal ideal I of R there exist nitely-generated
ideals I1; I2; : : : ; In such that I??=(I1I2 : : : In)?, and that MinSpec(R) is compact and extremally
disconnected if and only if the same is true for all ideals I of R. These results follow from
analogous ones for 0-distributive, algebraic lattices. If R is a countable, semiprime ring then the
set of minimal primal ideals which are prime is dense inMinSpec(R). If R is a semiprime Banach
algebra in which every family of mutually orthogonal ideals is countable, then MinSpec(R) is
compact and extremally disconnected, and every minimal primal ideal of R is prime. c© 1999
Elsevier Science B.V. All rights reserved.
MSC: 06B35; 16N60; 46H10
0. Introduction
Let R be a ring and let Idl(R) be the set of ideals of R (all ideals will be two-sided
in this paper). An ideal P of R is said to be prime if whenever I; J 2 Idl(R) with
IJ P then either I P or J P. Let Spec(R) denote the set of prime ideals of R. An
ideal P is primal if whenever I1; : : : ; In is a nite subset of Idl(R) with I1 : : : In= f0g
then IiP for at least one i2f1; : : : ; ng. Clearly every prime ideal is primal, and every
ideal which contains a prime ideal, or even a primal ideal, is primal. Zorn's Lemma
shows that every primal ideal contains a minimal primal ideal, and it is these minimal
primal ideals which are the subject of this paper.
The study of minimal primal ideals falls, roughly speaking, into two parts. There
is the algebraic question of whether primal ideals necessarily contain prime ideals, or,
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equivalently, whether minimal primal ideals are prime, and there is the topological
study of the space MinSpec(R) of minimal primal ideals. Both aspects are considered
in this paper.
There are several topologies of interest on MinSpec(R), the most important being
the restriction of the lower topology, dened in Section 1 (which coincides on Spec(R)
with the hull-kernel topology). With the restriction of this topology, MinSpec(R) is
a totally disconnected, Hausdor, Baire space. The topological study of minimal pri-
mal ideals asks for further properties that MinSpec(R) might have, such as compact-
ness, or extremal disconnectedness. For instance, Henriksen and Jerison, and Mewborn,
showed that if R is a commutative reduced ring (that is, one with no non-zero nilpo-
tent elements) then MinSpec(R) is compact if and only if for each principal ideal
I of R there exists a nitely-generated ideal J such that I??= J? [13; 3:4; 21]; see
also [25; 24; 17]: This characterization of the compactness of MinSpec(R) in terms of
annihilators has been a source of inspiration for a lot of subsequent work, and simi-
lar characterizations have been obtained for a class of multiplicative algebraic lattices
[19;Corollary 5:10]; for the ideal lattices of 0-distributive semilattices [22, Theorem 13],
for (non-commutative) reduced rings [31; 3:16]; and for commutative semigroups
[14; 5:9]:
In Section 2 of this paper we pursue this theme, working mainly in the context of
0-distributive algebraic lattices. We too obtain characterizations of compactness, and
of compactness and extremal disconnectedness, of the set of minimal primal elements,
and our results unify and extend most of the previous work. They apply, in particular,
to non-commutative semiprime rings (that is, ones without non-zero nilpotent ideals)
for which we show that MinSpec(R) is compact if and only if for each principal
ideal I there exist a nite number of nitely generated ideals I1; I2; : : : ; In such that
I??=(I1I2 : : : In)?. In a commutative ring the product of a nite number of nitely
generated ideals is itself nitely generated, and semiprime and reduced mean the same
thing, so we recapture the Henriksen{Jerison{Mewborn theorem above.
In Section 3 we look at the algebraic problem of whether minimal primal ideals
need be prime. If the ring is commutative then a standard argument shows that each
minimal primal ideal is prime, see [12; 2:5] and [27; p: 39]: For non-commutative rings
there are examples of minimal primal ideals which fail to be prime [16, pp. 315{316],
[27, Example 3.7], but these seem to be the exception rather than the rule. It was shown
in [27], for example, that every minimal primal ideal in a separable, semisimple Banach
algebra is prime. Working, as in Section 2, mainly with lattices, we sharpen a theorem
of Keimel's, giving a condition that ensures that all minimal primal elements are prime.
We then characterize the algebraic lattices for which the set of prime elements is closed
in the Lawson topology, answering a question from `The Compendium' [11]. Lastly,
we obtain the useful result that in a countably-generated, 0-distributive, algebraic lattice
the set of minimal primal elements which are prime is a dense G in the set of all
minimal primal elements. This result has applications to Banach algebras [29], while
for rings it implies that a countable, semiprime ring has a dense G of MinSpec(R)
consisting of prime ideals.
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In Section 4 we apply the results of the previous sections to Banach algebras,
showing that if B is a semiprime Banach algebra in which every family of mutually
orthogonal ideals is countable, then MinSpec(B) is compact and extremally discon-
nected, and every element of MinSpec(B) is prime. This substantially improves results
of [27].
1. Preliminaries
In this section we gather together the various notions that we require from lattice
theory and ring theory. The main new result is that a continuous lattice is 0-distributive
if and only if it is semiprimal, Theorem 1.4.
Let L be a lattice with least element 0. An element p2L is said to be prime if
whenever x; y2L with x^yp then either xp or yp, and to be primal if when-
ever x1; : : : ; xn2L with x1 ^    ^ xn=0 then xip for at least one i2f1; : : : ; ng. Let
Prime(L) denote the set of prime elements of L, and Primal(L) the set of primal
elements of L. If L is a complete lattice then an argument with Zorn's Lemma im-
plies that L has minimal primal elements. Let MinPrimal(L) denote the set of these
elements. A lattice L is said to be semiprime if
V
Prime(L)= 0, and to be semi-
primal if
V
Primal(L)= 0. Every prime element is primal, so every semiprime lattice
is semiprimal. We give an example of a semiprimal lattice which is not semiprime in
Example 3.6.
Recall that a subset of a lattice L is an ideal if it is a lower set, closed under
nite suprema. An ideal is prime (respectively primal) if it is a prime (respectively
primal) element of the lattice of ideals of L. Two elements x; y2L are orthogonal if
x^y=0. A lattice L is 0-distributive if, for all x; y; z2L, if x^y=0 and x^ z=0
then x^ (y_ z)= 0, and L is pseudo-complemented if for each x2L there exists a
largest orthogonal element x?. In other words, L is 0-distributive if the set of elements
orthogonal to a given element is an ideal, and pseudo-complemented if the set is a
principal ideal. In particular, pseudo-complemented lattices are 0-distributive. It was
shown in [26] that a lattice is 0-distributive if and only if its lattice of ideals is
semiprime (caution: Rav calls such a lattice `semiprime').
For an element x in a complete lattice L, let h(x)= fp2MinPrimal(L):p xg and
hc(x)= fp2MinPrimal(L):p xg. If L is semiprimal it is easy to see that V hc(x)
is the largest element orthogonal to x, so L is pseudo-complemented with x?=
V
hc(x).
In general, 0-distributive lattices need not be pseudo-complemented, and pseudo-
complemented lattices need not be semiprimal (consider, for example, the Boolean
algebra of regular open subsets of [0; 1]), but we shall see shortly that the three no-
tions coincide for continuous lattices, which are the ones that interest us.
We begin with a useful lemma.
Lemma 1.1. Let L be a complete; pseudo-complemented lattice and let fxg be a
family of elements of L. Then (
W
 x)
?=
V
(x
?
 ).
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Proof. Let z2L. Then z (W x)?, z ^
W
 x=0,
W
 x  z?, x z? 8,
z ^ x=0 8, z x? 8, z
V
(x
?
 ).
We now introduce three important topologies [11]. Let L be a complete lattice.
A sub-base for the lower topology on L is given by sets of the form fl2L: l xg
as x varies through L. The closed sets of the Scott topology on L are precisely the
lower subsets of L closed under directed suprema. The Lawson topology on L is that
generated by the lower and Scott topologies.
Lemma 1.2. Let L be a complete lattice.
(a) Primal(L) is a closed subset of L in the lower topology.
(b) If L is semiprimal then a subset Y Primal(L) is dense in Primal(L) in the
lower topology if and only if
V
Y =0.
Proof. (a) Suppose that q =2Primal(L). This means that there exist x1; : : : ; xn such that
x1 ^    ^ xn=0, but xi q for any i2f1; : : : ; ng. Thus the set fl2L: l xi (1 i n)g
is a lower-open neighbourhood of q disjoint from Primal(L).
(b) Let l=
V
Y . If l 6= 0 then the set fp2Primal(L):p lg is a lower-open subset
of Primal(L), disjoint from Y and non-empty because
V
Primal(L)= 0. Hence if Y is
dense in Primal(L) in the lower topology then l=0. Conversely, suppose that l=0,
and let N be a basic lower-open subset of Primal(L) of the form N = fp2Primal(L):
p xi (1 i n)g, for some x1; : : : ; xn2L. If N \Y = ; then for each y2Y there is
a xi with y xi, so x1 ^ : : : ^ xn  l=0. Hence N is empty, by denition of primal
elements. It follows that Y is dense in Primal(L) in the lower topology.
In particular, it follows from Lemma 1.2 that if L is semiprime the lower-closure of
Prime(L) is Primal(L).
If x and y are elements in a complete lattice L then x is way-below y, written xy,
if whenever S is a subset of L with y sup S there is a nite subset F of S such
that x supF , see [11]. If for each y2L, y=supfx2L: xyg then L is called a
continuous lattice. For a continuous lattice L a base for the Scott topology is given
by sets of the form fy2L:y xg as x varies through L.
An element x in a complete lattice L is compact if x x. Let K(L) denote the set
of compact elements of L. Clearly the join of a nite number of compact elements is
compact. A complete lattice L is algebraic if for each l2L, l=supfx2K(L): x lg.
Obviously, algebraic lattices are continuous lattices. In an algebraic lattice the lower
topology is clearly generated by sets of the form fl2L: l xg (x2K(L)) [11, II.1.15].
A continuous lattice is algebraic if and only if its Lawson topology is totally discon-
nected [11, III.1.12, 2.16].
The Lawson topology of a complete lattice is always compact, and a complete lattice
is said to be a generalized continuous lattice if its Lawson topology is Hausdor.
Continuous lattices are indeed generalized continuous lattices [11, III.1.10]. The next
result is taken from [15].
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Theorem 1.3. Let L be a generalized continuous lattice.
(a) The lower and Lawson topologies coincide on MinPrimal(L).
(b) MinPrimal(L) is compact (in the lower topology) if and only if the lower and
Scott topologies coincide on MinPrimal(L).
As we have just mentioned, the Lawson topology on an algebraic lattice is totally
disconnected, so it follows from Theorem 1.3(a) that if L is an algebraic lattice then
MinPrimal(L) is a totally disconnected, Hausdor space. Furthermore, if x2K(L) then
hc(x) is not only a lower-open subset of MinPrimal(L), but also a Scott-closed subset,
and therefore Lawson-closed. Hence hc(x) is a lower-clopen subset of MinPrimal(L).
The restriction of the lower topology to MinPrimal(L) will be the topology in use
on MinPrimal(L), unless the contrary is specied. If X is a subset of MinPrimal(L)
then X will denote the closure of X in MinPrimal(L) in the lower topology.
The next result shows that the notions of 0-distributive, pseudo-complemented, and
semiprimal all coincide for continuous lattices, and hence in particular for algebraic
lattices. We shall continue to use the name `semiprimal', although it is less familiar
than the others, because it conveys the idea that there are enough primal elements.
Theorem 1.4. Let L be a 0-distributive continuous lattice. Then L is semiprimal.
Proof. Since L is 0-distributive the intersection of the prime ideals of L is f0g [26]
(note that Rav uses the word `semiprime' in a dierent sense to ours). Let M denote
the set consisting of the suprema of the prime ideals of L, and set y=
V
M . Suppose
that P is a prime ideal, with supremum p2M . If x1; : : : ; xn2L with x1 ^ : : : ^ xn=0,
then xi2P for at least one i, because P is prime, so for this i, xip. Thus each p2M
is primal. Suppose that z2L with zy. Then zp, for each p2M , which means,
since P is an ideal with supP=p, that z2P. Thus z is in every prime ideal of L, so
z=0. But L is a continuous lattice, so y must equal 0. Thus L is semiprimal.
Example (2) of [11, 0.4.5] is a 0-distributive, generalized continuous lattice which
is not pseudo-complemented. It would be interesting to know, however, whether every
pseudo-complemented, generalized continuous lattice is semiprimal.
We turn now to consider rings. If R is a ring then Idl(R) is an algebraic lattice
[11, p. 40], and the compact elements are the nitely generated ideals, that is, the
ideals which are a sum of a nite number of principal ideals. It is natural, however,
in ring theory to use principal ideals, where possible, instead of nitely generated
ones, which causes a slight hiccup in applying results from lattice theory. We note
for later that sets of the form ("I)c and "I , with I a principal ideal, give sub-bases
for the lower and Scott topologies, respectively, on Idl(R) (where "I denotes the set
fJ 2 Idl(R): J  Ig).
Another dierence with rings is that whereas the meet operation in the lattice Idl(R)
is given by intersection, the more important operation in ring theory is the product.
Thus, the denitions of prime and primal ideals (see Introduction) involve products,
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whereas the denitions of prime and primal elements involve intersections. Since the
product of two ideals is contained in their intersection it is clear that every prime ideal
of R is a prime element in Idl(R), and that every primal ideal is a primal element in
Idl(R), but prime and primal elements need not be prime and primal ideals. f0g, for
example, is a prime element of the ideal lattice of the four-element ring Z4, but not
a primal ideal. We shall see in a moment, however, that the two notions of primal
coincide in semiprime rings, which are the rings which interest us.
Recall that a ring is semiprime if its prime ideals have zero intersection. This is
equivalent to the ring having no non-zero nilpotent ideals [12, p. 29]. Since every
primal ideal contains all nilpotent ideals it follows that if the primal ideals have zero
intersection then the ring is semiprime. Thus the notions of semiprime and semiprimal
coincide for rings.
Lemma 1.5. If R is a semiprime ring then the product of a nite number of ideals
of R is zero if and only if their intersection is zero.
Proof. Let I1; : : : ; In be ideals of R. Then I1 \    \ In I1 : : : In (I1 \    \ In)n. Since
a semiprime ring contains no non-zero nilpotent ideals it follows that the product is
zero if and only if the intersection is zero.
Two ideals in a semiprime ring R are orthogonal if their product is zero. For an
ideal I , let I? denote the largest ideal orthogonal to I . It is easy to check that I?
can be obtained either as I?=
T
hc(I) (where hc(I)= fP2MinSpec(R): P* Ig) or
as I?=
TfP2Spec(R): P* Ig. If a2R, let Ia denote the principal ideal generated
by a, that is, the smallest ideal of R containing a. In Section 4 we shall often use the
notation A(a) for I?a .
Lemma 1.5 has three noteworthy and obvious consequences.
Corollary 1.6. Let R be a semiprime ring.
(i) An ideal of R is a primal ideal if and only if it is a primal element of the
lattice Idl(R).
(ii) If the product of a nite number of ideals of R is zero; in one order; then it
is zero in any other order.
(iii) The annihilator (I1 \    \ In)? of the intersection of a nite family I1; : : : ; In
of ideals of R is equal to the annihilator (I1 : : : In)? of their product. In particular
(I n)?= I? for all n.
There are simple examples of ideals, even in semiprime rings, which have dierent
products in dierent orders.
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Lemma 1.7. Let R be a semiprime ring and let a2R. Then (RaR)?= I?a .
Proof. If R has an identity then RaR is simply Ia, the principal ideal generated by a,
so of course (RaR)?= I?a . If R does not have an identity then it could be that a =2RaR.
Nevertheless, Ia=RaR+ Ra+ aR+ Za, so I 3a RIaRRaR Ia, so (RaR)?= I?a , by
Corollary 1.6(iii).
2. Compactness
In this section we characterize compactness, and compactness and extremal discon-
nectedness, of MinPrimal(L), when L is a semiprimal algebraic lattice. Corresponding
characterizations for rings are obtained as corollaries. These results unify and generalize
most of the characterizations referred to in the Introduction.
Lemma 2.1. Let L be a complete; semiprimal lattice; and let x2L. Then x??=VW;
where W =MinPrimal(L)nhc(x). In particular if L is an algebraic lattice and x2K(L)
then x??=
V
h(x).
Proof. If p2W then p =2 hc(x), so there exist y1; : : : ; yn2L such that pyi (1 i n)
but y1 ^    ^yn
V
hc(x)= x?. Hence y1 ^    ^yn ^ x??=0, and pyi (1
i n), so p x??, since p is primal. Thus x??VW . But hc(x) h(x?) and h(x?)
is closed, so hc(x) h(x?). Hence W  hc(x?), so VW V hc(x?)= x??. Thus
x??=
V
W . For the nal part, recall that if L is an algebraic lattice and x2K(L)
then hc(x) is closed, by the remarks after Theorem 1.3, so W = h(x).
Lemma 2.2. Let L be a complete; semiprimal lattice and let y1; : : : ; yf2L. Then
^
(hc(y1)\    \ hc(yf))=
^
hc(y1 ^    ^yf)= (y1 ^    ^yf)?:
Hence if y1; : : : ; yn2L and
V =(hc(y1) \ : : : \ hc(yf)) [    [ (hc(yk)\    \ hc(yn));
then
^
V =(y1 ^    ^yf)? ^    ^ (yk ^    ^yn)?:
Proof. For the rst part, if z2L then z(y1^    ^yf)?,z^y1^    ^yf=0,(8p2
MinPrimal(L) p 6yi)pz (1 if)), z
V
(hc(y1)\    \ hc(yf)). Hence
V
(hc
(y1)\    \ hc(yf))= (y1 ^    ^yf)?=
V
(hc(y1^    ^yf)). Now for the second
part, it is trivial that
V
V =
V
(hc(y1)\    \hc(yf))^    ^
V
(hc(yk)\    \hc(yn)),
so it follows from the rst part that
V
V=(y1^    ^yf)?^    ^(yk ^    ^yn)?:
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Remark. Lemma 2.2 implies that if hc(y1)\    \ hc(yf) is non-empty then it has
hc(y1 ^    ^yf) as a non-empty subset. The next lemma shows that hc(y1 ^    ^yf)
is actually a dense subset of hc(y1)\    \ hc(yf).
Lemma 2.3. Let L be a complete; semiprimal lattice; and let X be an open subset of
MinPrimal(L). If Y is a subset of MinPrimal(L) such that
V
Y VX then X  Y .
Proof. Let x2X , and suppose that V is a basic neighbourhood of x in X , so that there
exist s1; : : : ; sn2L such that V = hc(s1) \    \ hc(sn). Now hc(s1 ^    ^ sn) is a non-
empty subset of V , by Lemma 2.2, so there exists s2V X such that s s1 ^    ^ sn.
Hence s1 ^    ^ sn
V
X , so s1 ^    ^ sn
V
Y . But this implies that there exists
y2Y such that y si (1 i n). Hence y2V , so x2Y .
Recall that a set in a topological space is regular open if it is equal to the interior of
its closure. Clearly every clopen set is regular open. More generally, if X is an open
set then the complement of the closure of X is regular open.
Lemma 2.4. Let L be a complete; semiprimal lattice and let V and W be subsets of
MinPrimal(L) with V clopen and W regular open. If
V
V =
V
W then V =W .
Proof. V and W are both open, so Lemma 2.3, applied twice, implies that W V =V
W . Hence W =V . This implies that W =V since W is the interior of its closure,
and V is open.
Theorem 2.5. Let L be a semiprimal algebraic lattice. The following are equivalent:
(i) MinPrimal(L) is compact;
(ii) for all x2K(L) there exists y1; : : : ; yn2K(L) such that
h(x)= (hc(y1)\    \ hc(yf))[    [ (hc(yk)\    \ hc(yn));
(iii) for all x2K(L) there exist y1; : : : ; yn2K(L) such that
x??=(y1 ^    ^yf)? ^    ^ (yk ^    ^yn)?:
If L is distributive then (iii) can be replaced by:
(iii)0 for all x2K(L) there exist y1; : : : ; yn2K(L) such that
x??=(y1 ^    ^yn)?:
Proof. (i)) (ii): If x2K(L) then h(x) is clopen, so h(x) is compact if MinPrimal(L)
is compact. Sets of the form hc(y) (y2K(L)) form a sub-base for the lower topology
on MinPrimal(L), so a simple compactness argument shows that there exist y1; : : : ; yn2
K(L) such that h(x)= (hc(y1) \    \ hc(yf)) [    [ (hc(yk) \    \ hc(yn)).
(ii)) (i): Suppose that x2K(L) and that (ii) holds. Then taking complements there
exist y1; : : : ; yn2K(L) such that hc(x)= (h(y1)[  [h(yf))\  \(h(yk)[  [h(yn)).
This shows that hc(x) is open in the Scott topology on MinPrimal(L). But sets of the
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form hc(x) (x2K(L)) form a sub-base for the lower topology on MinPrimal(L) so
the Scott topology must be ner than the lower topology. Since the lower topology is
always ner than the Scott topology on MinPrimal(L), Theorem 1.3(a), the topologies
are equal. This implies that MinPrimal(L) is compact, by Theorem 1.3(b).
(ii)) (iii): This follows from Lemmas 2.1 and 2.2.
(iii))(ii): Suppose that (iii) holds and let x2K(L). Then there exist y1; : : : ; yn2K(L)
such that x??=(y1 ^    ^ yf)? ^    ^ (yk ^    ^ yn)?. This means, by Lemmas 2.1
and 2.2, that
V
h(x)=
V
((hc(y1) \    \ hc(yf)) [    [ (hc(yk) \    \ hc(yn)). But
h(x) and hc(yi) (1  i  n) are clopen, so Lemma 2.4 implies that h(x)= ((hc(y1) \
   \ hc(yf)) [    [ (hc(yk) \    \ hc(yn)).
Finally, we show that (iii) and (iii)0 are equivalent when L is distributive. Clearly
(iii)0 implies (iii). Conversely, suppose that (iii) holds, and that L is distributive. Let
x2K(L). By (iii) there exist y1; : : : ; yn2K(L) such that
x??=(y1 ^    ^ yf)? ^    ^ (yk ^    ^ yn)?:
But by Lemma 1.1,
(y1 ^    ^ yf)? ^    ^ (yk ^    ^ yn)?
= ((y1 ^    ^ yf) _    _ (yk ^    ^ yn))?:
Repeated applications of the distributive law, together with the fact that the join of
a nite number of compact elements is compact, now yield elements z1; : : : ; zm2K(L)
such that (y1^  ^yf)_  _(yk^  ^yn)= z1^  ^zm. Hence x??=(z1^  ^zm)?,
as required.
Example 2.6. For any lattice L, it is easy to show that Idl(L), the ideal lattice of L,
is an algebraic lattice, the compact elements of Idl(L) being precisely the principal
ideals of L. Furthermore, Idl(L) is semiprime if and only L is 0-distributive [26]. Now
suppose that L is a pseudo-complemented lattice. The pseudo-complemented condition
implies that the annihilator of a compact element of Idl(L) is itself a compact ele-
ment of Idl(L). Thus, Theorem 2.5 yields the (well-known) result that if L is pseudo-
complemented then MinSpec(L), the set of minimal primal (in fact prime) ideals of
L, is compact.
We now derive a version of Theorem 2.5 for rings, using the following device. If R is
a ring and I2 Idl(R) let r(I) denote the ideal given by r(I)= TfP2Spec(R) :P Ig.
The collection L(R) of ideals of R of the form r(I1 : : : In), where I1; : : : ; In are nitely-
generated ideals of R, is a distributive lattice [30], with r(I)^ r(J )= r(IJ ) and r(I)_
r(J )= r(I + J ). The important point here is that if I and J have the given form
then there is another ideal K of the given form such that r(I + J )= r(K). Indeed if
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I = I1I2 : : : Im and J = J1J2 : : : Jn, with the Ii's and Jj's nitely generated, let
K =
Y
1im;1jn
(Ii + Jj):
Then K is a product of nitely generated ideals, and it is straightforward to check that
for P2Spec(R), PK if and only if P I + J . Hence r(K)= r(I + J ), as required.
Lemma 2.7. Let R be a semiprime ring.
(i) If I is an ideal in R then I?=(r(I))?.
(ii) If J1; : : : ; Jm are nitely generated ideals of R then there exist other nitely
generated ideals I1; : : : In of R such that
(J1 \    \ Jf)? \    \ (Jk \    \ Jm)?=(I1I2 : : : In)?:
Proof. (i) This follows trivially from the fact that if P2Spec(R) then P+ I,P+
r(I).
(ii) By Corollary 1.6(iii), Lemma 1.1, part (i) above, and denition of L(R),
(J1 \    \ Jf)? \    \ (Jk \    \ Jm)? = (J1 : : : Jf)? \    \ (Jk : : : Jm)?
= (J1 : : : Jf +   + Jk : : : Jm)?
= (r(J1 : : : Jf +   + Jk : : : Jm))?
= (r(J1 : : : Jf) _    _ r(Jk : : : Jm))?:
But L(R) is a lattice, so there exist nitely generated ideals I1; : : : ; In such that
r(J1 : : : Jf) _    _ r(Jk : : : Jm)= r(I1 : : : In):
Thus
(J1 \    \ Jf)? \    \ (Jk \    \ Jm)?= r(I1 : : : In)?=(I1 : : : In)?;
using part (i) again.
Theorem 2.8. Let R be a semiprime ring. The following are equivalent:
(i) MinSpec(R) is compact,
(ii) for each principal ideal I in R there exist nitely-generated ideals I1; : : : ; In in
R such that I??=(I1I2 : : : In)?.
Proof. (i)) (ii): This follows from Theorem 2.5 and Lemma 2.7(ii).
(ii)) (i): Suppose that (ii) holds. Let I be a principal ideal of R. By hypothesis
there exist nitely-generated ideals I1; : : : ; In such that
I??=(I1I2 : : : In)?=(I1 \    \ In)?;
using Corollary 1.6(iii). Thus,
V
h(I)=
V
(hc(I1) \    \ hc(In)) by Lemmas 2.1 and
2.2, and all the sets involved are clopen, so Lemma 2.4 implies that h(I)= hc(I1)\  \
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hc(In). Taking complements gives hc(I)= h(I1) [    [ h(In), so hc(I) is Scott-open.
But sets of the form hc(I) give a sub-base for the lower topology on MinSpec(R)
(see the remarks before Lemma 1.5), so the Scott and lower topologies coincide on
MinSpec(R). Hence MinSpec(R) is compact, by Theorem 1.3(b).
Theorem 2.8 can be strengthened if it is assumed additionally that every minimal
primal ideal of R is prime, see Corollary 3.3.
Having characterized the compactness of MinPrimal(L), we now characterize com-
pactness and extremal disconnectedness. MinPrimal(L) has a strange tendency to be
extremally disconnected (and hence, of course, either vast or nite).
Theorem 2.9. Let L be a semiprimal algebraic lattice. The following are equivalent:
(i) MinPrimal(L) is compact and extremally disconnected,
(ii) for all x2L there exist y1; : : : ; yn2K(L) such that
x??=(y1 ^    ^ yf)? ^    ^ (yk ^    ^ yn)?:
Proof. First suppose that (i) holds and that x2L. Then W =MinPrimal(L) n hc(x) is
compact and clopen, so by a simple compactness argument there exist y1; : : : ; yn2K(L)
such that W =(hc(y1)\    \ hc(yf))[    [ (hc(yk)\    \ hc(yn)). Hence x??=V
W =(y1 ^    ^ yf)? ^    ^ (yk ^    ^ yn)?, by Lemmas 2.1 and 2.2.
Conversely, suppose that (ii) holds. Clearly MinPrimal(L) is compact by Theorem
2.5. Let Y be any open subset of MinPrimal(L). It follows from the Remark after
Lemma 2.2 that Y has a dense open subset V of the form V =
S
x2X h
c(x) for some
family X L. (Recall that in general the hc(x)'s are only a sub-base for the topol-
ogy). Set v= supX and note that V = hc(v). Since V and Y have the same closure
it is enough to prove that the regular open set W =MinPrimal(L)nV is closed. ButV
W = v??, by Lemma 2.1, and by assumption there exist y1; : : : ; yn2K(L) such that
v??=(y1 ^    ^yf)? ^    ^ (yk ^    ^yn)?. Since W is a regular open set and each
hc(yi) is clopen, Lemmas 2.2 and 2.4 imply that W is clopen. Hence MinPrimal(L)
is extremally disconnected.
Example. If L is a pseudo-complemented lattice then it was shown in Example 2.6
that MinSpec(L), the set of minimal primal elements of Idl(L), is compact. Suppose
now that L is a complete, pseudo-complemented lattice. Then Lemma 1.1 shows that
the annihilator of any ideal of L is a principal ideal of L. Thus Theorem 2.9 implies
that MinSpec(L) is compact and extremally disconnected.
For semiprimal algebraic lattices with the countable chain condition another charac-
terization of compactness and extremal disconnectedness of MinPrimal(L) is given in
Theorem 4.2.
The next theorem extends [13, 4.4] to the non-commutative case.
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Theorem 2.10. Let R be a semiprime ring. The following are equivalent:
(i) MinSpec(R) is compact and extremally disconnected,
(ii) for each ideal I of R there exist nitely-generated ideals I1; : : : ; In in R such
that I??=(I1I2 : : : In)?.
Proof. (i)) (ii) follows from Theorem 2.9 and Lemma 2.7(ii). Conversely, (ii)) (i)
follows from Theorem 2.9 and Corollary 1.6(iii).
Example. Let us say that a ring R is Baer (respectively, weakly Baer) if it is semiprime
and if for each ideal (each principal ideal) I of R there exists a central idempotent z
such that I?= zR. Then Baer rings are precisely the unital, semiprime rings R such that
Spec(R) is extremally disconnected (but not necessarily Hausdor). Theorems 2.8 and
2.10 imply that MinSpec(R) is compact if R is weakly Baer (proved, in the case when
every minimal primal ideal of R is prime, in [30, 2.6]), and compact and extremally dis-
connected if R is Baer. (Warning: every writer seems to use the name `Baer' in his own
sense. We have followed the denitions in [24], for commutative rings. C-algebras
which are Baer in our sense have been studied recently under the name `boundedly
centrally closed', see [1, 28]. In the stronger sense of `Baer' used in [6] the Baer
C-algebras are precisely the AW-algebras).
3. Primeness
In this section we consider some conditions which force certain primal elements to
be prime. We begin with a condition that implies that every minimal primal element is
prime, which we use in Section 4. A related condition then enables us to characterize
the algebraic lattices L for which Prime(L) is closed in the Lawson topology. Finally,
we show that in a countably-generated, semiprimal, continuous lattice, most (in the
sense of category) of the minimal primal elements are prime. As in Section 2, every
result has a version for lattices and a version for rings. It is rather surprising that lattice-
theoretic arguments can actually produce prime ideals in rings (rather than merely prime
elements of the ideal lattice).
Let us begin with minimal primal elements and ideals. It would be useful to have a
lattice-theoretic characterization of when all the minimal primal ideals are prime. This
property has already received a name: a semiprime ring R is said to be small [30] if
whenever P is a minimal prime ideal of R and I is a principal ideal of R contained in
P then I?*P (the same condition occurs in [16]). It is easy to see from the version
for rings of [19, Theorem B, Lemma 3.6] (see [27, 2.3]) that R is small if and only
if each minimal prime ideal of R is minimal primal, which the same as each minimal
primal ideal of R being prime.
We are not, in point of fact, able to characterize small rings, but there is an el-
ementary characterization of a slightly stronger condition. Keimel showed, see [16,
1.32], that if R is a semiprime ring then every minimal primal ideal of R is prime
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provided that whenever I and J are two principal ideals of R, their product IJ contains
a principal (or nitely generated) ideal K such that K?=(IJ )?. We begin by turning
Keimel's result into a characterization, working rst in the context of lattices.
Theorem 3.1. Let L be a semiprimal algebraic lattice, and let Sub(L) denote the
closure of MinPrimal(L) in the Lawson topology. The following are equivalent:
(i) for all x; y2K(L) there exists z2K(L) with z  x^y such that z?=(x^y)?;
(ii) for all x1; : : : ; xn2K(L) there exists z2K(L) with z  x1 ^    ^ xn such that
z?=(x1 ^    ^ xn)?;
(iii) each element of Sub(L) is prime.
Proof. (ii)) (i): Trivial. (i)) (iii): Suppose that q2L and q is not prime. Then
there exist x; y2K(L) such that x; y 6 q but x ^ y  q. By hypothesis, there ex-
ists z2K(L) with z  x^y such that z?=(x^y)?. This means that hc(z) hc(x^y),
and
V
hc(z)=
V
hc(x ^ y). But V hc(x ^ y)= V(hc(x) \ hc(y)), by Lemma 2.2, so
Lemma 2.4 implies that hc(z)= hc(x)\hc(y), since both sets are clopen. In other words,
if p2MinPrimal(L) and p  z then either p  x or p  y. Thus the set fl2L: l 
z; l 6 x; yg is a Lawson-open neighbourhood of q disjoint from MinPrimal(L). It fol-
lows that every element of Sub(L) is prime.
(iii)) (ii): For l2L let H c(l), for the duration of this proof, denote the set H c(l)=
fp2Sub(L) :p 6 lg. Suppose that x1; : : : ; xn2K(L). If every element of Sub(L) is prime
then H c(x1 ^    ^ xn)=H c(x1) \    \H c(xn), so H c(x1 ^    ^ xn) is Lawson-clopen,
and therefore Lawson-compact because Sub(L) is Lawson-compact. But H c(x1 ^    ^
xn)=
SfH c(k) : k2K(L); k  x1 ^    ^ xng, and these sets H c(k) are Lawson-open
in Sub(L), so by compactness there exist k1; : : : ; km2K(L) with ki  x1 ^    ^ xn,
(1  i  m), such that H c(x1 ^    ^ xn)=H c(k1) [    [ H c(km). Set z= k1 _
   _ km. Then z2K(L), and H c(z)=H c(k1) [    [ H c(km)=H c(x1 ^    ^ xn). Thus
z?=
V
hc(z)=
V
H c(z)=
V
H c(x1 ^    ^ xn)=
V
hc(x1 ^    ^ xn)= (x1 ^    ^ xn)?.
Note that Theorem 3.1 shows that lattices satisfying the equivalent conditions of the
theorem are actually semiprime. For rings this observation is not interesting, because
the notions of semiprime and semiprimal coincide, but we shall see in Example 3.6
that a semiprimal algebraic lattice need not necessarily be semiprime.
To obtain the version of Theorem 3.1 for rings, we run through exactly the same
method of proof, using the product IJ rather than I \ J (because primeness for rings
is dened in terms of products rather than intersections). This change does not spoil
the argument, because (IJ )?=(I \ J )?, by Corollary 1.6(iii).
Theorem 3.2. Let R be a semiprime ring and let Sub(R) denote the closure of
MinSpec(R) in the Lawson topology. The following are equivalent:
(i) whenever I and J are principal ideals of R there exists a nitely generated
ideal K  IJ such that K?=(IJ )?,
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(ii) if I1; : : : ; In are nitely generated ideals of R then there exists a nitely gen-
erated ideal K  I1I2 : : : In such that K?=(I1I2 : : : In)?,
(iii) each ideal in Sub(R) is prime.
Proof. (ii)) (i) Trivial. (i))(iii): Suppose that Q2 Idl(R) and Q is not prime. Then
there exist principal ideals I and J such that I; J*Q but IJ Q. By hypothesis, there
is a nitely-generated ideal K of R with K  IJ  I \ J such that K?=(IJ )?. Hence
K?=(IJ )?=(I \ J )?, by Corollary 1.6(iii). Thus hc(K) hc(I \ J ), and V hc(K)=V
hc(IJ )=
V
hc(I \J ). But V hc(I \J )=V(hc(I)\hc(J )), by Lemma 2.2, so Lemma 2.4
implies that hc(K)= hc(I) \ hc(J ), since both sets are clopen. In other words, if
P2MinSpec(R) and PK then either P I or P J . Thus the set fL2 Idl(R) :
LK; L+ I; Jg is a Lawson-open neighbourhood of Q disjoint from MinSpec(R).
It follows that every element of Sub(R) is prime.
(iii)) (ii): For L2 Idl(R) let H c(L), for the duration of this proof, denote the set
H c(L)= fP2Sub(R): P+ Lg. Suppose that I1; : : : ; In are nitely-generated ideals of
R. If every element of Sub(R) is prime then H c(I1I2 : : : In)=H c(I1) \    \ H c(In),
so H c(I1I2 : : : In) is Lawson-clopen, and therefore Lawson-compact because Sub(R) is
Lawson-compact. But H c(I1I2 : : : In)=
SfH c(L)g, where L varies through all nitely-
generated ideals of R contained in I1I2 : : : In, and these sets H c(L) are Lawson-open in
Sub(R), so by compactness there exist nitely many nitely-generated ideals L1; : : : ; Lm
with Li I1I2 : : : In, (1  i  m), such that H c(I1I2 : : : In)=H c(L1) [    [ H c(Lm).
Set K = L1 + L2 +    + Lm. Then K is nitely generated, and H c(K)=H c(L1) [
  [H c(Lm)=H c(I1I2 : : : In). Thus, K?=
V
hc(K)=
V
H c(K)=
V
H c(I1I2 : : : In)=
V
hc(I1I2 : : : In)= (I1I2 : : : In)?.
The class of rings satisfying the equivalent conditions of Theorem 3.2 is quite large.
It includes all prime rings, and all semiprime spectral rings (see Remark (iii) after
Theorem 3.4), hence all reduced, commutative rings. The local multiplier algebra of
a C-algebra also satises these conditions [28], and we shall see in the next section
that so too do all separable, semiprime Banach algebras.
Corollary 3.3. Let R be a semiprime ring and suppose that each minimal primal ideal
of R is prime. Then MinSpec(R) is compact if and only if for each principal ideal I
in R there exists a nitely-generated ideal J in R such that I??= J?.
Proof. If for each principal ideal I in R there exists a nitely-generated ideal J in
R such that I??= J?, then R certainly satisies condition (ii) of Theorem 2.8, so
MinSpec(R) is compact.
Suppose, conversely, that MinSpec(R) is compact, and let I be a principal ideal
of R. Then by Theorem 2.8 there exist nitely-generated ideals I1; : : : ; In such that
I??=(I1I2 : : : In)?. But R satisies the hypotheses of Theorem 3.2, so there is a nitely
generated ideal J such that J?=(I1I2 : : : In)?= I??.
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Remark. (i) Recall that if R is a commutative ring then each minimal primal ideal
of R is prime, and reduced and semiprime mean the same thing. Thus, Corollary
3.3 comprehends the Henriksen{Jerison{Mewborn theorem [13, 21], mentioned in the
Introduction.
(ii) There is a version of Corollary 3.3 for lattices: if L is a semiprimal algebraic
lattice and each minimal primal element of L is prime then MinPrimal(L) is compact
if and only if for all x2K(L) there exists y2K(L) such that x??=y?. To see this,
it is clear that this new condition implies condition (iii) of Theorem 2.5. Conversely
if MinPrimal(L) is compact then this new condition follows from condition (iii) of
Theorem 2.5, using Theorem 3.1(ii), Lemma 1.1, and the fact that the join of a nite
number of compact elements is compact.
The proof of Theorem 3.1 suggests trying to characterize those algebraic lattices L
for which Prime(L) is Lawson-closed, which we now do. For each x in an algebraic
lattice L let r(x)=
Vfp2Prime(L): p  xg.
Theorem 3.4. Let L be an algebraic lattice. Then Prime(L) is closed in the Lawson
topology if and only for all x; y2K(L) there exists z2K(L) such that z  x ^ y and
r(z)= r(x ^ y).
Proof. Suppose rst that for all x; y2K(L) there exists z2K(L) with z  x ^ y such
that r(z)= r(x^y). Suppose that q2L and q is not prime. Then there exist x; y2K(L)
such that x; y 6 q but x ^ y  q. Let z2K(L) with z  x ^ y and r(z)= r(x ^ y).
Then the set fl2L: l  z; l 6 x; yg is a Lawson-open neighbourhood of q disjoint
from Prime(L). Hence Prime(L) is closed in the Lawson topology.
Conversely, suppose that Prime(L) is Lawson-closed. For l2L let H c(l), for the
duration of this proof, denote the set H c(l)= fp2Prime(L): p 6 lg. Suppose that
x; y2K(L). Since H c(x^y)=H c(x)\H c(y), H c(x^y) is Lawson-clopen, and therefore
Lawson-compact because Prime(L) is Lawson-compact. Arguing exactly as in Theorem
3.1 (iii)) (ii) we can nd z2K(L) such that H c(z)=H c(x ^ y), hence such that
r(z)= r(x ^ y).
Remark. (i) If L is a distributive, algebraic lattice then r(x)= x for all x2L [11;
I.3.14], so z in the theorem above is equal to x^y. Thus if L is a distributive algebraic
lattice Prime(L) is Lawson-closed if and only if the meet of two compact elements of
L is compact (lattices with this property are called arithmetic). This characterization
was obtained in [11, V.3.7], and the question of a characterization for non-distributive
lattices was left open.
(ii) It is easy to see that, for a semiprimal lattice L, if r(z)= r(x^y) then z?=
(x^y)?. Thus a semiprimal lattice satisfying the conditions of Theorem 3.4 also sat-
ises those of Theorem 3.1, so every minimal primal element of L is prime.
(iii) Theorem 3.4 has a version for rings, obtained (as was Theorem 3.2) by replacing
intersections with products. A ring R is said to be spectral if Spec(R) is a Lawson-
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closed subset of Idl(R), and to be quasi-commutative if for any two nitely-generated
ideals I; J of R there exists a nitely-generated ideal K  IJ such that r(K)= r(IJ ) [5]
(where for an ideal L, r(L) was dened before Lemma 2.7). Thus Theorem 3.4, in the
version for rings, states that a ring is spectral if and only if it is quasi-commutative
(completing the result in [5] that a ring is quasi-commutative if and only if it is
spectral and satises a certain other condition, which was suspected to be redundant).
A ring is neo-commutative if the product of any two of its nitely-generated ideals
is nitely-generated. Clearly, every commutative ring is neo-commutative, and every
neo-commutative ring is quasi-commutative. There is an example in [18] of a quasi-
commutative ring which is not neo-commutative.
In the nal part of this section we show that although small (i.e. countably-generated),
semiprimal, algebraic lattices may have minimal primal elements which are not prime,
such elements are comparatively rare. The majority of minimal primal elements in such
a lattice are prime, and the lattice itself is semiprime. This result seems rather useful,
and we state it in the most general form that we can.
Recall that a complete lattice L is countably-generated if it has a countable subset
X such that for each l2L, l=supfx2X : x lg. Ferdinand Beckho has shown the
author that L is countably-generated if and only if the lower topology on L is sec-
ond countable. Recall, too, from Section 1 that a complete lattice L is a generalized
continuous lattice if its Lawson topology is Hausdor.
Theorem 3.5. Let L be a semiprimal; generalized continuous lattice and suppose that
L is countably-generated. Then L is semiprime; and the set of minimal primal elements
of L which are prime is providense G in MinPrimal(L); and hence a Polish space.
Proof. L is countably-generated, so the lower topology on L is second countable, by
Beckho's result just mentioned. But this implies that the Scott topology on L is also
second countable, by Corollary 1 to [8, Theorem 2.3], and hence that the Lawson
topology on L is second countable. Thus the Lawson topology on L is a Polish topol-
ogy, being second countable, compact, and Hausdor. It follows that MinPrimal(L),
which by [4, 5.1] is a G in L in the Lawson topology, is also a Polish space in the
Lawson topology. The lower and Lawson topologies coincide on Mincrimal(L), by
Theorem 1.3, so MinPrimal(L) is a Polish space in the lower topology (which is the
one in use for the remainder of the proof).
Let X be a countable subset which generates L, and let p2MinPrimal(L). Then
p is not prime if and only if there exist x; y2X such that x; y 6p but x^yp.
In other words p is not prime if and only if p2 n(x; y) where n(x; y) is dened by
n(x; y)= (hc(x)\ hc(y))nhc(x^y). But n(x; y) has empty interior, by the remark after
Lemma 2.2, and n(x; y) is the intersection of an open set and a closed set, so n(x; y)
is an F, since MinPrimal(L) is a Polish space. Thus the set of non-prime elements of
MinPrimal(L) is the union of countably many F's with empty interior. Polish spaces
are Baire spaces, however, so the set Y of prime elements of MinPrimal(L) is a dense
G in MinPrimal(L), and hence also a Polish space.
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Finally, Y is dense in MinPrimal(L), and MinPrimal(L) is dense in Primal(L) in
the lower topology, so Y is dense in Primal(L). Since L is semiprimal, Lemma 1.2(b)
implies that
V
Y =0. Thus L is semiprime.
Remark. (i) For countably-generated, distributive, continuous lattices, Theorem 3.5
follows from [9, 20], by [11, V.5.5]. Nevertheless the algebraic version of Theorem 3.5
is new even in this case, see Theorem 3.7 below.
(ii) If A is a separable C-algebra, then Id(A), the lattice of closed ideals of A, is a
countably-generated, distributive, continuous lattice [11, I.1.20; 7]. Thus Example 5.4 of
[2], for instance, provides an example of a countably-generated, semiprimal, continuous
lattice where the set of minimal primal elements which are not prime is dense in the
set of all minimal primal elements.
We now give an example of a semiprimal, continuous lattice which is not semiprime.
It is not dicult to show that if L is a complete, semiprimal lattice and p is an isolated
point of MinPrimal(L) then p must be prime (cf. [2, 4.10]). This means that every
nite semiprimal lattice is semiprime, while Theorem 3.5 shows, more generally, that
every countably-generated, semiprimal, continuous lattice is semiprime. The following
example is not therefore countably-generated.
Example 3.6. Let O be the lattice of open subsets of the Cantor set C, and let K be
the lattice consisting of a top, a bottom, and three incomparable elements in the middle.
The maximal, proper elements of O correspond one-to-one with the points of C. At
each maximal element of O glue on a copy of K , identifying the bottom of K with
the maximal element of O, and the top of K with the top of O. Then the resulting
lattice L is a continuous lattice (algebraic, in fact), and each maximal element of C is
minimal primal in L, so L is semiprimal. But L has no proper prime elements, so L is
not semiprime.
Like the other results of this section, Theorem 3.5 has an algebraic version obtained
by using products of ideals rather than intersections. Instead of stating this in a general
form, we give two special cases.
Theorem 3.7. (a) Let R be a countable; semiprime ring. Then the set of minimal
primal ideals of R which are prime is a dense G in MinSpec(R).
(b) Let A be a semiprime Banach algebra and suppose that Id(A); the lattice
of closed ideals of A; is a countably-generated, continuous lattice. Then f0g is the
intersection of the closed prime ideals of A.
Proof. (a) R is countable and semiprime, so Idl(R) is a countably-generated, semiprime
algebraic lattice. If I; J 2 Idl(R) then (I \ J )?=(IJ )?, by Corollary 1.6(iii), so hc(IJ )
is dense in hc(I \ J ), by Lemma 2.3. A few minor changes to the proof of Theorem 3.5
now yield the desired result.
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(b) The semiprimeness of A implies that Id(A) is pseudo-complemented, and hence
semiprimal, by Theorem 1.4. As in part (a), the proof of Theorem 3.5, but using
products of ideals rather than intersections, and working in the lattice Id(A), now
gives the result.
Theorem 3.7(b) is used in [29] to show that a closed, semiprime ideal in a TAF-
algebra is an intersection of closed, prime ideals. Note that Theorem 3.7(b) cannot be
deduced from [9, 20] (see Remark (i) after Theorem 3.5).
Let us close this section by showing that minimal primal ideals need not even be
semiprime, in general. Indeed almost any ring can occur as a quotient by a minimal
primal ideal.
Example 3.8. Let R be any torsion-free ring with identity. Then R can be regarded as
a subring of the endomorphism ring S =EndQ(R ⊗ Q), which is primitive. Let B be
the ring of all sequences (an)1n=1 of elements of S for which there is a natural number
m (depending on the sequence) such that all an with n>m are the same and belong
to R. Then B is semiprime. Let J be the ideal of B consisting of sequences which are
eventually zero. Then J is a minimal primal ideal of B, using [27, 2.3], and B=J =R.
Hence J is prime (or semiprime) if and only if R is prime (or semiprime).
In particular, if R is taken to be Q  Q then S =M2(Q), the 2  2 matrices with
rational coecients, and R can be embedded as the diagonal matrices. The resulting
ring B is countable, and R is not prime, which shows that a countable, semiprime ring
can have minimal primal ideals which are not prime.
It would be interesting to have examples of rings with no prime minimal primal
ideals, and of countable, semiprime rings for which the set of non-prime minimal
primal ideals is dense in the set of minimal primal ideals.
4. Applications to Banach algebras
In this nal section we apply the results of the previous sections to Banach algebras,
showing that if B is a separable, semiprime Banach algebra then every minimal primal
ideal of B is prime, and MinSpec(B) is compact and extremally disconnected. In fact,
we work rather more generally.
Recall that a topological space S has the countable chain condition (c.c.c.) if every
family of mutually disjoint open subsets of S is at most countable. We shall say that
a lattice L with a least element 0 has c.c.c. if every family of mutually orthogonal
elements of L is at most countable. Thus, a topological space S has c.c.c. if and only
if its lattice of open subsets has c.c.c. in our sense. Clearly every countably generated
lattice has c.c.c.
Let us say that a semiprime ring R has c.c.c. if Idl(R) has the countable chain
condition for lattices, that is, if every family of mutually orthogonal ideals of R is at
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most countable. Because R is semiprime there is a correspondence between orthogonal
ideals of R and disjoint open subsets of Spec(R), so R has c.c.c. if and only if Spec(R)
has c.c.c. Clearly every countable, semiprime ring has c.c.c. For Banach algebras c.c.c.
is quite a common condition, as the next result shows.
Proposition 4.1. Let B be a separable; semiprime Banach algebra. Then B has the
countable chain condition.
Proof. Suppose that B is a separable Banach algebra with uncountably many ideals
having pairwise product zero. We may assume that these ideals are principal, generated
by fbigi2I , with kbik = 1 8i 2 I . The separability of B implies that the set fbigi2I
has an accumulation point, b 6= 0, say [20, Ch. 1, Theorem 13]. Thus there is a
sequence fbng1n=1, of distinct points of the set fbigi2I , converging to b. Now for all
x2B, bxb= limm;n!1 bmxbn. But bmxbn=0, for m 6= n, since the principal ideals have
product zero, so bxb=0, for all x. Hence bBb= f0g, so B is not semiprime [12,
Theorem 2.7].
For other examples of Banach algebras with c.c.c., let B be any C-algebra with a
faithful representation on a separable Hilbert space. Then the w-closures of orthogonal
ideals of B are w-closed orthogonal ideals in B, the w-closure of B, which is a
von Neumann algebra. But orthogonal w-closed ideals in B correspond 1{1 with
orthogonal projections in the centre of B [23, 2.5.4], and B is acting on a separable
Hilbert space, so B can only have countable families of orthogonal ideals [23, 3.8.4].
On the other hand, if B is C2 with any norm and the zero multiplication, then B is a
Banach algebra, and every subspace of B is an ideal. Any two distinct one-dimensional
subspaces have zero intersection, so B has uncountably many ideals with pairwise zero
intersection. Of course, B is not semiprime.
A complete, semiprimal lattice L is said to have the countable annihilator condi-
tion (or c.a.c.) if for any countable family fxig1i=1 of elements of K(L) there exist
y1; : : : ; yn 2K(L) such that (y1 ^    ^yf)? ^    ^ (yk ^    ^yn)?=
V1
i=1 x
?
i . An
application of Lemma 1.1 shows that if L satises the conditions of Theorem 2.9 then
L has c.a.c. The next result is a converse to this, for lattices with c.c.c.
Theorem 4.2. Let L be a semiprimal algebraic lattice with the countable chain con-
dition. If L has the countable annihilator condition then MinPrimal(L) is compact
and extremally disconnected.
Proof. Given x2L, let y= x? and let X = fxig1i=1 be a maximal family of non-zero,
mutually orthogonal elements of K(L), countable by assumption, such that xiy for
each i. Set v=
V1
i=1 x
?
i . Then clearly vy?. Suppose that there exists z 2K(L) such
that z v but z 6y?. Then z ^y 6=0, so there exists a non-zero w2K(L) such that
w z ^y. But then X [fwg is a larger family of mutually orthogonal elements of
K(L), all dominated by y, contradicting the maximality of X . This impossibility implies
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that v=y?. Thus by the countable annihilator condition there exist y1; : : : ; yn 2K(L)
such that (y1 ^    ^yf)? ^    ^ (yk ^    ^yn)?=
V1
i=1 x
?
i = v=y
?= x??. Since
x was arbitrary, Theorem 2.9 implies that MinPrimal(L) is compact and extremally
disconnected.
A semiprime ring R is said to have c.a.c. if Idl(R) has the countable annihilator con-
dition for lattices. The `amalgamation' argument used in the proof of Lemma 2.7 shows
that this is equivalent to requiring that for every countable family fIig1i=1 of nitely-
generated ideals of R there should exist nitely-generated ideals I1; : : : ; In such that
(I1I2 : : : In)?=
T1
i=1 I
?
i . By Lemma 1.1 we could also assume the Ii's in the countable
family are principal, without changing the condition. Note that if R is a commutative
ring then I1I2 : : : In is itself nitely-generated. In [13] a reduced commutative ring R
was dened to have the annihilator condition (a.c.) if for all a; b2R there exists c2R
such that A(a)\A(b)=A(c), and to have the countable annihilator condition (c.a.c.) if
for every countable subset faig1i=1 of R there exists c2R such that A(c)=
T1
i=1 A(ai)
(recall that A(a) is alternative notation for I?a ). This denition of c.a.c. also makes
sense for semiprime, non-commutative rings, and is (formally, at least) stronger than
ours, even for commutative rings. In fact, a reduced commutative ring has c.a.c., in the
sense of [13], if and only if it has c.a.c in our sense, and a.c. in the sense of [13]. We
use the present denition because it seems more natural in the lattice-theoretic context
of this paper. Note that every C-algebra has c.a.c., even in the stronger sense of [13]
{ given a countable subset faig1i=1 of non-zero elements simply take
c=
1X
i=1
1
2i
aiai
kaiai k
:
It could well be that every semiprime Banach algebra has c.a.c. We shall show in a
moment that every semiprime Banach algebra with c.c.c. has c.a.c.
Example. If R is a reduced commutative ring let R[[X ]] denote the ring of formal
power series over R. It was shown in [14, 6.6] that R[[X ]] has c.a.c in the stronger
sense of [13]. On the other hand, if B is any family of non-zero, mutually orthogonal
elements of R[[X ]] then the rst non-zero coecients of the elements of B must be
non-zero, mutually orthogonal elements of R (I am grateful to Michael White for this
observation). Thus if R has c.c.c. then R[[X ]] has c.c.c. as well, so MinSpec(R[[X ]])
is compact and extremally disconnected, by Theorem 4.2. In particular, if R is a
countable, reduced commutative ring then MinSpec(R[[X ]]) is compact and extremally
disconnected.
Let us say that two elements a; b in a semiprime Banach algebra are orthogonal if
IaIb= f0g.
Proposition 4.3. Let B be a semiprime Banach algebra. If B has the countable chain
condition then B has the countable annihilator condition.
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Proof. Let X = fxig1i=1 be a countable subset of B, and let I be the smallest ideal con-
taining all the elements of X . Then
T1
i=1 A(xi)= I
?, by Lemma 1.1. Let Y = fyig1i=1 be
a maximal family of non-zero, mutually orthogonal elements of I . Then Y is countable
by assumption, and the argument of Theorem 4.2 shows that
T1
i=1 A(yi)= I
?. Set
z=
1X
i=1
1
2i
yi
kyik :
Clearly
T1
i=1 A(yi)A(z). Conversely, for each i, (ByiB)(BzB)= (ByiB)2BzB so
A(yi)= (ByiB)
?=((ByiB)
2)? (BzB)?=A(z), using Lemma 1.7 and Corollary 1.6
(iii). Hence A(z) T1i=1 A(yi), so A(z)=
T1
i=1 A(yi)=
T1
i=1 A(xi).
We can now prove the main result of the section.
Theorem 4.4. Let B be a semiprime Banach algebra. If B has the countable chain
condition then each minimal primal ideal of B is prime; and MinSpec(B) is compact
and extremally disconnected.
Proof. It follows from Proposition 4.3 and Theorem 4.2 that MinSpec(B) is compact
and extremally disconnected. To prove that each minimal primal ideal of B is prime,
it is enough, by Keimel's result, see Theorem 3.2, to show that for any a; b2B there
exists c2B such that A(acb)= (IaIb)?. To produce c, let X = facibg1i=1 be a maximal
family of non-zero, mutually orthogonal elements of IaIb, of the given form. X is
countable, by assumption, and it is trivial that (IaIb)?
T1
i=1 A(acib). Suppose that
d2 (T1i=1 A(acib))n(IaIb)?. Then IaIbId 6= f0g, so IaIdIb 6= f0g by Corollary 1.6(ii), so
there exists d0 2 Id such that ad0b 6=0. But this means that that X [fad0bg is a family
of mutually orthogonal elements of the required form, strictly larger than X , which is
a contradiction. Thus (IaIb)?=
T1
i=1 A(acib). Now set
c=
1X
i=1
1
2i
ci
kcik :
Clearly A(acb) T1i=1 A(acib), but arguing as in Proposition 4.3 we see that A(acb)=T1
i=1 A(acib)= (IaIb)
?, as required.
Remark. (i) There are examples in [13] of commutative C-algebras for which the
space of minimal primal ideals is neither compact nor extremally disconnected, while
[10] gives an example for which the space of minimal primal ideals is not even basically
disconnected.
(ii) A Banach algebra is said to be topologically semiprimal if the intersection of
its closed primal ideals is zero. Such a Banach algebra must be semiprime since it
can have no non-zero nilpotent ideals. It was shown in [27] that the conclusions of
Theorem 4.4 hold when B is a topologically semiprimal Banach algebra and
MinPrimal(B) (the space of minimal closed primal ideals of B) is separable. The
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c.c.c. condition of Theorem 4.4 is strictly weaker than the separability condition in
[27], and the present proof is much simpler. No examples are known, however, of
semiprime Banach algebras which are not topologically semiprimal.
In Example 3.8 we showed that almost any ring can occur as a quotient by a minimal
primal ideal. Let us conclude by showing that any Banach algebra can occur as the
quotient of a Banach algebra by a minimal (closed) primal ideal.
Example 4.5 (Extending [27, Example 3.7]). First note that any Banach algebra is
isometrically isomorphic to a closed subalgebra of a primitive (hence prime) Banach
algebra. To see this, observe that any Banach algebra B is isometrically isomorphic to
a subalgebra of the algebra of bounded operators on the unitization of B. Now let X
be a compact, Hausdor space with a non-isolated P-point p, let A be a prime Banach
algebra, and let B be a closed subalgebra of A. Let C be the Banach algebra of all
continuous functions f from X to A such that f(p)2B. Then C is semiprime, and it
is easily checked that the ideal P of C consisting of functions f such that f(p)= 0
is minimal primal, and closed. Clearly C=P=B. It follows that every Banach algebra
occurs as a quotient of a semiprime Banach algebra by a minimal (closed) primal
ideal.
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